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Abstract 
It is difficult to build accurate mathematical models for nonlinear systems which suffer parametric uncertainty and 
heavy exogenous disturbance. Partial linearization was applied in this study to offset the effect of losing nonlinear 
part of the system after complete linearization by introducing nonlinear functions into the linear model. On the 
condition that the nonlinear function satisfied constraints, Lyapunov function was employed to get the sufficient 
condition for the robust H  optimal control law of the nonlinear system to exist. For the convenience of get the 
solution, the sufficient condition obtained was transformed into a problem of finding out feasible solution by linear 
matrix inequalities. Finally, a class of model simulation verifications was carried out, showing that proposed 
algorithm and designed control law were reasonable and effective. 
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
 
Keywords:linear matrix inequality; robust 
H
 control; partial linearization; common Lyapunov function 
1.Introduction 
For a class of complicated multivariable nonlinear systems with strong coupling, when there exist 
parametric uncertainty and exogenous disturbance, design of control system must consider robust 
performance and disturbance resisting capability of the closed loop system. Robust H  control is about 
how to apply incomplete information to information design and transform exogenous disturbance signals to 
problems of finding solutions for closed loop system s stability and make corresponding H  norm index 
reach minimal output feedback. Doye et al. in 1989 published the famous DGKF paper[1], proposing that 
H controller could be obtained by solving two Riccati equations. Later on, equation solving became 
easier as LMI toolbox was introduced into Matlab software. Then robust H  control was widely studied 
with effective tool of LMI[2-5]. Reference [2] proposed a method to find H  controller by linear matrix 
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inequality. Reference [3] studied how to construct robust H  controller by state-space method and 
guarantee boundedness of the performance at the same time, on the condition that the initial value was not 
zero. Reference [4] found out the sufficient condition for stable H  output feedback of linear discrete 
system using LMIs, by which conservatism caused was reduced by introducing auxiliary variables into the 
system structure. Reference [5] studied output feedback H control problem with closed loop disk pole 
constraints for a class of linear discrete systems and used LMI method to infer existing condition and 
design method of feedback controller to reduce the conservatism. 
Previous literature usually employed small deviation linear equations to do modeling analysis for the 
studied nonlinear system[6,7]. Controllers designed based on these completely linearized models, however, 
had poor performance when being applied in actual nonlinear system. In order to meet the required 
tracking control effect, design parameters of the controller have to be adjusted once and once again. 
Thereupon, this study took advantage of powerful disturbance resisting capability of H  and the excellent 
computing capacity of LMI toolbox based on MATLAB to study state feedback robust H  control 
problem of a class of uncertain systems containing nonlinear function. The sufficient condition for system 
state feedback control law to exist was found out and solved by LMI method. Finally, an example of 
simulation verification showed that the proposed approach had good dynamic response effect. 
2.A Class Uncertain Nonlinear System 
Consider a class of nonlinear uncertain systems described by following state equations: 
 ( ) ( ) ( ) ( ) ( , )
( ) ( )
wx t Ax t Bu t B w t f x t
y Cx t Dw t
 (1) 
where A A A B B B ( ) nx t  is system state vector, ( ) mu t  is control input vector, 
( ) pw t  is external disturbance signal and ( , )f x t  is a state-related nonlinear function which satisfies 
Lipschitz condition, namely, f(x,t) Gx(t)  and f(x,t)-f(y,t) G(x(t))-y(t) . A and B is a 
known constant matrix with appropriate dimension. A  and B is uncertain matrix function of the said 
appropriate dimension, representing parametric uncertainty in the system. Assume that all parametric 
uncertainties considered are norm bounded, and can be expressed as below: 
 1 2( )A B t E E  (2) 
where constant matrix 1 2, ,
n r q n q mE E and function matrix reflecting uncertainty 
( ) r qH t R are known, and define H(t) belonging to the set M . 
( ) | ( ) ( ) ,TM H t H t H t I t  
Lemma 1[8] : Assuming that block of symmetric matrix n nO is expressed as 
 11 12
21 22
O O
O
O O
 (3) 
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where 11
r rO ( )12
r n rO ( )21
n r rR ( ) ( )22
n r n rO , then it comes to the following 
conclusion. 
(1) 0O  
(2) 11 0O
1
22 12 11 12 0
TO O O O  
(3) 22 0O
1
11 12 22 12 0
TO O O O  
Lemma 2[8] : For 1 1( ) 0
Ty y Q y , assuming there exists a my , which makes ( ) 0y , then 
the following two conditions are equivalent. 
(1) For all the nonzero my  which makes 1( ) 0y , 0 0
Ty Q y  
(2) A positive number 0  exists, making 0 1 0Q Q . 
Corollary 1: A symmetric matrix P>0 exists, which makes all 0  and  satisfying 
T T TC C  established.  
 0
0
T T
T
A P PA PB
B P
 (4) 
If and only if there is a scalar quantity 0  and a symmetric matrix 0P , it comes to  
 0
T T
T
A P PA C C PB
B P I
 (5) 
It is can be seen that inequality (8) was a linear matrix inequality about matrix P and scalar quantity . 
Lemma 3[9]: Assuming that , E and H(t) are real matrices with appropriate dimension, and 
( ) ( )TH t H t I , then for any positive number 0 , the following inequality is established. 
 1( ) ( )T T T T TH t E E H t E E  (6) 
3.Robust H  Control of Nonlinear System 
Definition 1[9] There exist a constant 0  such that for uncertain system (1), if there exists a state 
feedback control law ( )u Kx t  which can establish the following three conditions for any allowable 
system uncertainties: 
(1) The closed loop system is asymptotically stable. 
(2) The closed loop system is suboptimal under LQ. 
(3) When the initial condition x(0)=0, the transfer function from perturbation input w to control 
output z satisfies ( )zwT s . 
then the uncertain system (1) is called robust H  sub-optimal. 
Theorem 1:For uncertain nonlinear system (1), if there is 0  and exist symmetric positive definite 
matrix X, matrix Y and scalar quantity 1 20, 0 , which can establish (7).Then ( )u Kx t  is the robust 
H  control law of the system(1). 
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1 1 2
1
2
1
2
( )
* 0 0 0 0
* * 0 0 0
0
* * * 0 0
* * * * 0
* * * * *
T T T T
T
I B XC D XG E X E W XC
I
D D I
I
I
I
(7) 
where K=YX-1 2
T T T TAX XA BW W B  represents the transpose part of the 
corresponding item in matrix equalities. 
Proof: Selecting Lyapunov function V(x(t))=xT(t)Px(t), substitute ( )u K x  into system (1), where P is 
n-dimensional symmetric positive definite matrix. then 
 
2
2
2
( ( )) ( ) ( ) ( ) ( )
2 ( ) ( ) ( ) ( ) ( ) ( )
2 ( ) ( ) ( ) ( , ) ( )
   ( ) ( ) 2 ( ) ( )
   ( ) ( ) ( ) ( )
2 ( ) ( ) ( ) 2 ( ) ( , )
 
T T
T T T
T
w
T T T T
T T T
T T
V x t y t y t w t w t
x t Px t y t y t w t w t
x t P A BK x t f x t B w t
x t C Cx t x t C Dw t
w t D Dw t w t w t
x t P A BK x t x t Pf x t
2
 2 ( ) ( ) ( ) ( ) 2 ( ) ( )
  ( ) ( ) ( ) ( )
T T T T T
w
T T T
x t PB w t x t C Cx t x t C Dw t
w t D Dw t w t w t
 (8) 
Order ( ) ( ) ( , ) ( )T T T Tt x t f x t w t ,then 
 
2
1
2
( ( )) ( ) ( ) ( ) ( )
( ) 0 0 ( )
0
T T
T
w
T
T T T
w
V x t y t y t w t w t
P PB C D
t P t
D C B P D D I
 (9) 
As to satisfy the global Lipschitz conditions of nonlinear vector, so ( , ) ( , ) ( ) ( ) 0T T Tf x t f x t x t G Gx t . 
According to Lemma 2 and Corollary 1, if there exists 0 , which makes 
 
2
2
0 0
0
T
w
T T T
w
P PB C D
P I
D C B P D D I
 (10) 
Thus 
 2( ( )) ( ) ( ) ( ) ( ) 0T TV x t y t y t w t w t  (11) 
Multiplying (10) by 1 -1(       )diag P I I  from both sides, and order 1P X we get 
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1
3
1 1
2
0 0
0
T
w
T T T
w
I B XC D
I I
D CX B D D I
 (12) 
where 
1
2
3
( ) ( )T T
T T T T T
T T T T T
P A BK A BK P C C
PA A P PBK K B PC C G G
AX XA BKX XK B XC CX XG GX
 
Order KX W  and 11/  for (12). It shows that the (12) is equivalent to (7) according to lemma 1 
and lemma3. Proof is over. 
The following discussion problem is robust H  optimization of system. Known from(11), 
2( ( )) ( ) ( ) ( ) ( ) 0T TV x t y t y t w t w t  
and namely 
 2
0
( ( )) ( ) ( ) ( ) ( ) 0T TV x t y t y t w t w t dt  (13) 
Because the system is asymptotically stable, when the initial conditions (0) 0x , ( (0)) ( ( )) 0V x V x  
so 
 2
0 0
( ) ( ) ( ) ( )T Ty t y t w t w t dt  (14) 
According to definition 1, the system is robust H  sub-optimal. 
Theorem 2: For stable system(1), if the following optimization problem(15) has solution ( , , , )X W , 
then 1( ) ( )u t WX x t is the optimal robust H  control law of the system. 
 
1 1 2
1
2
1
2
min
( )
* 0 0 0 0
* * 0 0 0
0
* * * 0 0
* * * * 0
* * * * *
T T T T
T
I B XC D XG E X E W XC
I
D D I
I
I
I
 (15) 
where 2( )
T TAX BW AX BW . 
It can be proved by Theorem1. 
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4.Simulation Example 
As an example, we consider a specified vehicle[10,11]. Assume that the system is in instantaneous 
equilibrium, then apply basic formula of linearized equations, we can get small deviation model of 
simplified equations. We select several characteristic points in flight trajectory and take their average as 
nominal system. In addition, we select single channel as an example to verify the validity of H  controller. 
Related parameters of system are as follows. 
0.16 1.2
30.3 0
A
0.2
27.4
B 2C I 0D  
0.05
0.05w
B
0.3 0
0 0.3
G 0
3
1
x
0.01
2 1
7 0.1E 2 6.5E  
The nonlinear function to satisfy constraint condition is _ sinf N factor x ,where 
_ 0.3N factor called the matching factor. Select 0.1  and the state feedback controller 
5.5009 4.4692K  is obtained by using MATLAB software according to Theorem1. 
Set the initial state 0 3 1
Tx the state response of closed-loop system shown in Figure1.Fig.2 and 
Fig.3 are the state control input curve and disturbance input curve respectively. Fig.1 shows that the robust 
H  controller in the nonlinear function of compensation, not only make the system stable, and has good 
anti-jamming capability. 
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Figure 1.  The state control curve of closed-loop system 
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Figure 2.  The state feedback control input curve of closed-loop system 
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Figure 3.  The disturbance signal curve 
5.Conclusions 
On the condition that disturbance attenuation  of H  was considered, this study found out the 
sufficient condition for uncertain system state feedback control law to exist by robust H  control method, 
for a class of uncertain continuous time systems containing nonlinear vectors which satisfied overall 
Lipschitz conditions. Moreover, a parameterized representation was given in the LMI form and the upper 
bound of disturbance attenuation and optimal performance were guaranteed. It was shown through 
simulation verification that systems with uncertain factors and exogenous disturbance could maintain 
strong robust stability under the control law proposed in this study, and that the quadratic stability with 
disturbance attenuation and introduced into nonlinear vector could simultaneously treat parametric 
uncertainties and exogenous disturbances effectively. 
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